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ABSTRACT 


The  closed  form  solution  is  obtained  of  the  equations  of  motion  of  an 
ideal  missile  pursuing  a nonmaneurering  target  according  to  the  true  proportional 
narigation  law.  An  analysis  of  the  solution  is  performed  and  the  conditions  for 
the  missile  to  reach  the  target  are  determined. 
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ideal  missile  pursuing  a nonmaneurering  target  according  to  the  true  proportional 
naTigation  law.  An  analysis  of  the  solution  is  performed  and  the  conditions  for 
the  missile  to  reach  the  target  are  determined. 
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1 • UTRorpcncB 


loet  Bodern  alz^to-Bir  aod  surfboe-to-alr  missile  sTsteas  use  a foim  of 
proportional  navigation  in  tbs  hnmlng  pliase  of  flight* 

In  proportional  navigfttion  control  accelerations  are  gensrated  proportional 
to  the  measured  rate  of  rotation  of  tbs  interceptor-target  line  of  eight* 

In  the  literature  tvo  baslo  forms  of  proportional  navigation  have  been 
considered.  Tbfne  two  forms  are  generally  labelled,  pure  proportional  navi- 
gation (PIV)  I2I  and  true  proportiaaal  navigation  (TIf)  |l|.  In  PH  namBmlirtl 
accelerations  are  applied  normal  to  the  missile  velocity.  In  TIV  ocamanded 
accelerations  are  applied  in  a direction  normal  to  tbs  Interoeptor-target  line 
of  slgiit.  In  both  cases  no  closed-form  solution  is  available,  and  linearlasd 
analysis  was  applied  to  study  these  two  forme  of  proportional  navigmtion. 

Applying  qualitative  methods  for  the  analysis  of  PH  I2I  it  was  damonatrated 
that,  provided  a set  of  conditions  relating  the  ratio  of  velocities  and  the 
constant  of  navigation,  are  fnifillad,  capture  can  be  assured  for  any 
'Conditions  azoepted  for  a precisely  defiitsd  partieular  case. 

In  this  study  ve  determine  the  closed  form  solution  of  the  differential 
equmtlooa  dsacrlblng  the  trajectories  of  a missile  pursuii^  a nonmansuvering 
target  according  to  the  true  pr^jportlonal  navigation  lav.  The  solution  was 
analiaed  and  it  is  deaonstrated  that  capture  is  restrloted  for  ths  oaaaa  where 
the  initial  oondltions  belong  to  a detemtoad  cirole,  defined  as  tbs  eirole  of 
capture.  In  pajrtloular  it  can  be  shown  that  even  if  the  misaile  la  initially 
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approaching  the  target  there  ezLats  an  entire  regLon  of  initial  oondltioinB 
where  captiire  cannot  be  aeeured.  Thla  strongly  differentiates  the  two  foxas 
of  proportional  navle^tion  as  opposed  to  prewious  linearised  analysis  where 
equivalent  results  were  obtained  for  both  cases  |l  If  fsl* 

An  analysis  is  also  made  of  the  behaviour  of  the  rate  of  rotation  of 
the  line  of  sight  for  the  case  idiere  capture  is  assured.  lew  results  relating 
to  the  boundedness  of  the  LOS  rate  are  denonstrated. 
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2.  HtOBIfll  aCHHCBT 


Cotoslder  « target  T aod  missile  1 as  paints  in  a plane  noviiig  «itfa 
eeloolties  and  respeetively  as  sbosn  in  Tig,  1 • Tha  sTBten  oan 
be  described  in  a relative  eystsm  of  coordimtes  vltii  ita  center  at  T and 
axis  Tz  aloog  the  strai«dit  line  trajectory  of  the  target* 

Zn  true  proportional  navigation  |l  | (tFll)  the  missile  acceleration 
camnanded,  aj|,  is  applied  normal  to  the  Him  nf  as  opposed  to  pure 

proportional  navigation  J2I  (JHl)  idiere  the  misaile  acceleration  eonmanded  1 

is  appUed  nomal-to  the  missile  velocity,  as  depicted  in  fig.  2. 

the  equations  of  motion  of  the  missile  are  derived  in  the  following 

formt 

Letting  a dot  denote  dlfferentlstion  with  respeot  to  time*  tbs  ooQponents 
of  the  relative  velocity  Arom  miasiie  to  target  are,in  polar  coordinates 


Vr«  V»VMCe»6(-V^Cs40 

(1) 

r0  s V^sisW  -f 

(2) 

In  proportional  navlgatloa  tbs  interceptor  aooelaitatlon  is  proportional 
to  the  line  of  sight  ewguiAy  rate 


O^.  cO 


(3) 


where  In  TPH  c ia  generally  defined  aa  |l | 

C«-^Vyj  (4) 

with  X navigation  conetant* 

From  the  kinematics  of  a point 

where 

Vic''  (6) 

ia  the  angular  velocity  of  the  mlaaile  eyatem  of  ooordinatee  (l,  J,  k) 
with  respect  to  an  inertial  reference, 

Developping  (5)  for  the  THI  case. 


Ka-O^d 

(7) 

Vm 

(8) 

Frcm  Fig.  1 

h'^ 

(9) 

Differentiating  (9)  with  respect  to  tlae  and  rearranging 


Differentiating  (l)  and  (2)  with  respect  to  tioe 


• I » * ^ 

Vgs  VMSU».O(  + VrtCedO^«^.VTCeA«0  (l5)  j 

Beplacing  T||  and  oi,  fron  (s)  and  (ll)  respectively  into  (l2)  and  (l7) 

ilr«CV»4S0»wd4.VTJUt.8Je  (u) 

9 

(i3)  I 

J 

I 

Introducing  in  the  ri^t  band  tens  of  (l4)  and  (l5)  and 
instead  of  their  values  as  defined  in  (l)  and  (2) 


Replacing  a^  from  (j)  into  (l9)  «nd  revrltting  (l8) 


(20) 

•rS  + fiT.eJe.o 

(21) 

(20)  and  (21)  are  the  two  well  known  equationa  of  true  proportional  wvi^tion 
1 1 1 . The  solution  of  this  nonlinear  ayateB  of  differential  equationa  will 
provide  the  trajectoriee  of  the  aiesile  in  the  relattve  afsten  of  coordinates 
previously  defined. 


7*  CLOBBD-yOBM  SPUglCi 


In  tbe  claaslcal  theoiy  of  true  proportional  naTl^tion  it  is  tacitly 
aasvned  tliat  tbe  systen  of  differential  equations  (20)  and  (2|)  is  not 
solvable  in  closed  form.  Moreover,  it  is  sdnitted,  sitbout  proof,  that 
tbe  missile  follows  a strai^t  line  trajectory  towards  tbe  pursuit  end. 

Tbe  analysis  that  followed  only  considered  ssall  perturbations  with  respsot 
to  tbls  final  strai^t  line  trajectory. 

In  this  study  it  will  be  sbown  that  in  fact  there  exists  a closed  foxa 
solution  for  system  (20),  (21 ) and  tbls  closed  fora  solution  will  provids  us 
with  the  conditions  under  which  the  missile  captures  the  targstw 

Beplacing  Sji  from  (?)  into  (l7} 

i».-fe+Vr)e  (“) 

itr.  e (») 

Multiplying  (22)  by  ai^  (23)  by  (c  ♦ T^)  respectiwely  and  adding  ttsh 
+\)^CctVw)*0  (24) 

Bearxanglng 


|^CI?*Vj)+c^-0 


(25) 


Integrating 


rr4.9cr.  at  vt 

where 

Let  now 

•Ta  'jt-mt+n. 

where  y is  the  new  independent  variable  andn  and  n are  two  reel 
Substituting  (35)  into  (33) 

(ac.m)j  t(ri*‘a0nit4-(»nvxdn.victt4'l9 

Let  m and  n be  such  that 

Cvr^4-2e)m  sO, 

and 

ris  vr>W/flL 

Vitb  tbeee  values  of  m and  n (37)  reduoee  to 

Cj+wib+*t)^  ^ k<j«0 


(33) 


(34) 


(35) 
constante 

(36) 


(37) 


(38) 


(39) 


where 
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Before  we  proceed  further  it  Is  important  to  reoairk  that  (37)  has  two 
solutions  for  m 


(41) 


and 


Mj.* -.C->/?fCL  (42) 

Given  the  fact  that  (33)  fulfills  Cauchy  Lipschits  condition  for  any 
real  t and  r / 0 it  is  sufficient  to  consider  the  solution  for  only  one 
of  the  values  of  m.  The  other  value  will  provide  the  same  solution  for  r. 
Let  in  consequence  m ■ m^  • 

(39)  Is  a homogeneous  equation  |4|  and  the  variables  can  be  separated* 
This  equation  is  solved  in  Appendix  I and  the  solution  for  y le 

, i (43) 


where 


Xafc  + irt/m 

(44) 

and  Jq  and  are  the  initial  values  of  y and 

are  obtained  frcn  (35)  and  (44)  for  t ■ 0 

X respectively  ax>d 

(45) 

(46) 

Once  the  solution  for  7 is  obtained,  r Is  obtained  as  shown  in 
Appendix  II • 

The  result  is 

pi*)  ' 

where 

is  defined  by 

Note  that  "2  (x*)  » Zo  *•  ^ 

p and  q are  all  real  constants  respectively  defined  by 


where 


and 


|V«,I 
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and 


Note  that  from  (51 ) and  (52) 


(55) 


Ox< 


(56) 

(57) 


Once  the  solution  for  r is  obtained,  e and  e are  obtained  as  shown  in 
Appendix  III. 

The  result  is 


where 


Qsdo^ 


Qm/kf  0 z 


CH.4. 


0 * ^ « 2 S' 


(58) 

(59) 


(60) 


4.  AHALYSIS  Of  THE  30LDTIOW 


In  order  to  analize  the'  solution,  the  signs  ot  a and  b will 
first  be  determined. 

From  the  expression  for  a (27),  it  follows  that  if 

1)  C\,W  « to  a circle  defined  by 

With  center  at  C-^  o)  and  radius  & , then 

a<o 

2)  C\fr,,VO  6 to  the  circumference  of  C 

c 

a-0 

5)  Qs 

ayO 

Frcm  tne  definition  of  b (M): 
t)  b <0  for 
2)  b > 0 for  V're>  -iiC 

In  Fig.  3 we  have  ducted,  in  the  plane  Vf^  » the  olrole  and 

the  etraight  line  ■ - Q.C  • 


- 21  - 


Eepresentin^  now  the  above  results  in  table  form: 


Case  A 

a > 0,  b > 0 

i'K.Uo)  ufCe  4 ^'<‘9  y-ic 

Case  B 

a <0,  b >0 

Vfb€  Ca 

Case  C 

a > 0,  b <0 

Vf«4(*ae 

Case  D 

a <0,  b < 0 

__ 

Case  a)  a > 0,  b > 0 

Bearranglng  equation  (3?) 

•r(i'+2c)*a;t+b  (6i) 

From  (6l } it  follows  that  a neoessaxy  condition  for  the  aissile  M 
to  reach  the  target  T (r  ■ O)  is 


ai  lo  « 0 

for 

t.ti 

On  the  other  hand 

at^'bsO 

for 

t-t, 

lx  and  only  if 

a.  0 


(62) 


THBCBBH  ii  A aissile  M pursuing  a noaaaneuverlng  target  T according 
to  the  true  proportional  navigation  law  and  starting  its  oourse  at 
M a Mo  where 


CVf.,V«.V  Q , Vf.>-(2.c 


W 


will  not  reach  the  target  for  angr  real  t« 

Case  B)  a < 0,  b > 0. 

trm  (41  )>  with  a <0  It  follows 

mw  < 0 

Substituting  this  ralue  of  a into  (40) 

k»»in+2c-c  c4'/c*+a 

axid 

m+k*;  2.'/?4a  >0 

It  follows  then 

and 

0<6f'4k)/k<4 


■ow»  froa  (54)  and  (55)  ve  hare 
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Ve  shall  first  study  s as  a fonotion  of  x as  deflxisd  in  (49) 
For  t • 0,  X • • b/a,  and  bI, 

For  X ■ 0 it  follows  s ■ 0* 

Differentiating  (49)  with  respect  to  x axid  rearranging 


-k-X 


(71) 


hence  with  k > 0 


and  froin(66),  +1^0  , thus 

»-»o  ^ 


(72) 


(73) 


Vith  all  these  elements  b is  depicted  as  a function  of  x in  Fig.  4* 
y as  a function  of  x is  directly  obtained  multiplying  b by  y^  as  depicted 
in  Fig.  4.  From  (44)  it  follows  that  y ats  a function  of  t is  obtained  tzans> 
lating  the  origin  along  the  x axis  by  a/m  • b/a.  This  is  depicted  in  Fig.  3. 
Finally,  recalling  (33),  r is  obtained  by  adding  to  y,  mt  -f  n.  This  is  also 
depicted  in  Fig.  3. 

It  results  in  consequence  that  r ■ 0 for  t * -b/a.  Hie  missile  reaches 
tlie  target  in  this  case. 

The  value  of  t 


(74) 


is  the  final  time  of  the  pursuit. 
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2 

to  ronark  that  vbeoVmSO,^^*  as  ve 


It  is  irorth  while  to  renark  that  wbeoYa.sOiTf«  *Jf  as  ve  should 
expect. 

In  what  concerns  the  closing  weloolty,  differentiating  (7$)  with  respect 
to  time  t* 


How,  from  (44)  and  (48)  it  follows 

Proo  (75)  for  B • 0 (t  B t^) 


Hence 


Yfo  f,.  «).  -e*>/CVr.«)‘*V& 

\ i- 

The  angle  0 is  obtained  frco  (59).  Por  ■ ■ 0. 


(75) 


(76) 


(77) 


(78) 


(79) 
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THEOREM  2;  A mlseile  N pursuing  a nogaaneurerlng  target  T aoeordlxig  to 
true  proportional  navi^tioa,  etarting  at  suoh.ttaat 


C, 

reaches  the  target  at  a finite  tine 

tabs  f-Ja  V ^ - )!Ss 

Moreover  M arrives  to  T with  a closing  speed 


at  an  aspect  angle 


Hemtiic  1 ; The  conditions  to  capture  the  target  depend  oo  the  initial 
condlticns  and  their  relations  with  o. 

Mo  conditions  at  all  are  inpoeed  on  v ■ the  ratio  of  velocities 
as  was  the  case  in  pure  proportional  navigpition.  Iven  lAwm  v < 1 capture 
is  possible. 


The  rate  of  rotation  of  the  line  of  sight  plajrs  a finulanental  role  in 
■issile  design.  ?or  a stable  funotioning  of  the  aissile  it  is  eeaentlal 
that  0 should  be  bounded. 

f 

from  the  expression  of  0 , (96) 

e.e, 
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it  follows  that  if  k > 0 and 

1)  3n  ♦ k <0 

then  (©Uoo 

Z>«0 

2)  3m  ♦ k ■ 0 

ijlat  ©o/|^* 

2-*0 

and 


(84) 


(85) 


3)  3m  + k > 0 


(86) 


•(mOrO 

2^0 

Substituting  for  m and  k their  values  glvsn  in  (63)  and  (64)  Into 
(84),  (85)  and  (86)  and  rearranging  we  obtain  respeotlwely  that  if 

1)  CNlr^.V^,)  € Cj  , where  C is  a oirole  defined  by 

^ 0 

^,,+  cf-4V»,  ■ (cit)*' 

then 

iiitf 

2)  €;  to  the  oirounferenoe  of 

•Olut  Os  ®a/Hi^ 

t-Kjf  ' 

3)  ^ C-j 

0»0 


Let  us  detemixie  now  the  value  of  0 • Bearxanglng  (21 ) 


- (oAjif)  Q 
r 

?rao  (73)  and(76)  it  follows 

Substituting  defined  in  (71 ) into  (SS) 

L . L, 

— . ^yfi 

Substituting  r,  f cmd  6 from  (47),  (09)  and  (58)  into  (87)  and 
rearranging 


(87) 


(88) 


(89) 


[H.Cc42w04jUfa-2lO/ 


(90) 


Row 


0-42m  m (91) 

thus , c ♦ 2in  > 0 if  CVf, , ^ 0 ^ < 0 for  CVa.V^OcCc. 


C'-ak*  -c-A>/cCfli<o 


(92) 


For  c 2b  > 0 , there  exists  a 


(95) 


such  that  if 


Substituting  4^ , 0 and  k into  it  is  readily  shown  that  < t 

if 


(94) 

Noreover,  for  s > (t  < t^) 

^•^(3)=  S«|M.  (6*) 

(95) 

and  for  a < a^  (t  > t^ ) 

(0)*  -S*^(0») 

(96) 

4 

It  follows  then,  that  for  60 *^0 

(^<0)  0(0  has  a narlnua 

(minimum)  at  t > t^ . 

In  what  concerns  the  value  of  & 

at  t a 0;'  it  is  directly  obtained 

from  (87) 

0^= 

(97) 

Thus,  if  V<‘*>-c/2,# 

(96) 

and  if  Vfi  ^ - a/a. 

(99) 

For  t • tj,  if 

1)  5nek<0 

(100) 

2-»0 
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2)  5n  ♦ k » 0 (iOl) 

CdtS/ri 

2-*0  f«* 

3)  5ni  + k > 0 (^02) 

•Z"PX> 

Substituting;  m and  k into  (lOO),  (lOl)  and  (l02)  ve  obtain,  if 

1)  CVr„V*0  €.  Op  where  Cj^  ie  a circle  defined  by 

then 

J^lUalOl  eOO 

t-^tf 

2)  .Ve^  -e  to  the  circumference  of 

- fif  rc.4a>w) 

3)  ^^4,  Vo.)  ^ ^ 

iLe.o 

In  Tig,  6 all  the  three  circles  C^,  and  and  the  straight  line 
are  depicted. 

for  the  case  l).  C\/f,,V^  £ Cp  , previously  considered  we  can 
distinguish  between  three  subcases 


6i  Ww  ■on—  I to  f 
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17)  , CVr,,VeO  ^ ^ ^ C C, 

0C^)»o  , ©(t^» 

* I 

@ hei8  an  extremum  (meolmum  for  6«  7 0)  for  t ■ 

v)  Vfo  4-<yi. , C>lf.,  ^ , 6-  ^ 

I 

0 has  an  extremum  for  t > t^ 

m Si|>C  (6#)  ' 

t 

Hepresenting  now  $ as  a function  of  t ve  obtain  the  five  differeut 
curves  depicted  in  7ig.  7. 


I 

1 

THBCBac  5:  The  commanded  acceleration  of  a missile  M pursuing  ^ 
nonmaneuvering  target  T according  to  true  pn^rtional  navigation 

I 

B cd 


- 56  - 


! 

! 

Case  C)  a -•  0,  b < 0. 

For  this  case 

m>0  (103) 

and  k > 0 (l04) 

Pr jm  the  expression  (47)  of  r it  is  readily  seen  that  for  m/k  ->  0 
there  does  not  exist  emy  real  t for  which 

r - 0 (105) 

In  consequence  it  is  obtained  the  following  result 

^ missile  M pursuing  a nonmaneuvering  target  T according 

to  true  nroportional  navigr»tion,  starting  at  M where 

0 

(106) 

wili  not  reach  the  target  for  any  real  t. 


as  can  be  directly  proved  by  substitution. 

In  terms  of  and  this  solution  corresponds  to  the  case 


Ve*0  (109) 

\/r*cte.  (110) 

In  the  plane  depicted  in  Pig.  8,  this  particular  case  corresponds 

to  the  points  belonging  to  the  straight  line  V ■ 0. 

t7 

For  < 0 the  missile  reaches  the  target  without  maneuvering 
% 

a*,=ice*0  (111) 

In  previous  works  | 1 | the  analysis  of  true  proportional  navigation 
was  restricted  to  the  neighbourhood  of  this  peurticular  case 

(112) 


L 


(113) 
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In  this  case,  as  previously  mentioned,  e la  defined  as 

where  ^ is  the  navigation  constant. 

It  follows  from  the  results  of  the  previous  section  that  the  missile 
reaches  the  target  for  Noc  0 if 

V <0  (ll5) 

r 

and 

a-VVy  (ll6) 

that  is 

(ii7) 

In  what  concerns  the  rate  of  rotation  of  the  line  of  sight  we  can 
distinguish  between  five  different  cases 

I)  3 < X 

II)  2 <X  <3 
III)  2/3<X‘<2 
IV)  3/5  < X < 2/3 
7)  1/2  < X < 3/5 


These  five  different  cases  are  depicted  in  Fig.  7 
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SUWURT  AIID  C(1ICL03I(»3 


In  thla  study  It  was  derlTsd  the  olosed  fom  aolutloo  of  the  differential 
equations  describing  the  trajeotorles  of  a nissile  pursuing  a noonaneurering 
target  according  to  the  true  proportional  naTigation  law* 

The  solution  was  anallsed  and  a elrole  was  defined  where  capture  be 
demonstrated.  For  the  case  of  initial  conditions  belonging  to  the  eirole  of 
capture  the  rate  of  rotation  of  the  line  of  sight  was  anallsed  and  new  results 
were  found  concerning  its  boundedness  at  the  pursuit  end. 

The  point  of  greatest  interest  in  this  study  is  the  fact  that  the  analysis 
of  the  closed-form  solution  of  TFN  enabled  to  demonstrate  the  basic  differences 
existing  between  the  two  most  utilised  forms  of  proportional  naTigation. 
Essentially,  when  in  PPM  capture  of  the  target  oan  be  assured  for  the  entire 
plane  of  initial  conditions,  excepted  a wall  defined  partieular  case,  in  TIV 
capture  is  restricted  to  the  here  defined  circle  of  capture. 
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APPEWDIX  I 


Solution  of 


Let 


t • K - n An 

Substituting  (119)  into  (l10)  and  rearranging 

dx  ^.finx 

Defining  a new  variable  u instead  of  y 

y.ux 

Differentiating  (121)  with  respect  to  x 

Substituting  (l2l)  and  (l22)  into  (l20) 

x<k  H.am-kil' 

dx  utm 


(lie) 


(119) 


(120) 


(121) 


(122) 


(123) 


- 45  - 


Rearnoging 


4&  cicu 

X ru^(fnvtOja 


(124) 


Integrating  (l24)  with  initial  conditions  U.aM«  ^ KCks^aXas  n/nV 


(t  ^ fjtucikV  - a 

v^/  \u«4'm+-k/  Xo 


(125) 


(126) 


Substituting  u from  (l2l)  into  (l26)  and  rearranging,  with 

/a VtCm^lOx . X (1 

Blininating  x/Xo  and  elevating  to  -(iii1vk)/K 


A ^ 4 


y*4'(VA4’I^X«4 


(127) 


(128) 
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From  (27)  and  (41 ) 


m*-  C4"  'JCVr*4c)*4  V«t 


(134) 


thus,  from  (40) 

km  C4  J f ♦vi 


(135) 


and 


>»w-k  • 2 VrVft  fc)^  ♦'V®, 


(136) 


Substituting  now  ><«  from  (45)  emd  y,  from  (46)  into  (l3l)  and 
(152)  and  rearranging 


'f;w4  nU 


(137) 


)t>(ni4k) 


and 


1- 


TS.-.H. 


(138) 


nft+lr 


Substituting  k from  (40)  into  (37)  and  the  value  of  a so  obtained 
into  (38)  it  follows 


nkr  b 

Multiplying  (l3l)  by  m and  replacing  nk  from  (l39) 


(139) 


mb* 

' nfHk 


(140) 


Substituting  now  m,  b and  m ♦ k by  their  values  -given  in  (l34),  (34) 
and  (l36)  respectively  and  rearranging 


mp.  r.  rC\fft4ep4>^(Vrwc)^»Vil 


(I4l) 


J 
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Let  UB  define 

(U2) 

1V4.1 

Substituting  into  (l4l} 

= (t45) 

where 

Substituting  now  (l39)  into  (l38)  and  rearranging 

ak-  kfo-le 

^ »TH-k 
from  where  it  follows 

where 

Substituting  now  ap  and  qk  froa  (l43)  and  (l46)  respectiwely  into  (l36) 
f . r*  ( 4.  (148) 

This  is  the  solution  for  r as  a f\mction  of  s.  s is  iaplicitty 
defined  in  (l30)  with  z defined  in  (l19)> 


(145) 


(146) 


(147) 


Ammn  m 


The  solution  for  Q , the  rate  of  rotation  of  the  it«a  of  andd 

the  aspect  angle,  is  obtained  as  follows: 


Differentiating  (l29) 

Differentiating  once  again 


(149) 


(190) 


di^ 

Differentiating  now  (35)  twioe  with  respeet  to  t 

Substituting  (l3l)  into  (l52) 


(151) 


(152) 


Differentiating  now  (l30)  with  respect  to  x and  ronnai^(iiig 

* roC|4,t 


(153) 


(154) 
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BifferantlAting  aao«  a«aio  with  reepeot  to  z and  opemtix^ 

aibetltutlx^  (155)  into  (l53) 


(155) 


i 


imik  ^ 


(156) 


BeonancEing  (20) 

A*  "i.  / 
6 K r/f 


(157) 


Subetituting  r fpon  (i48)  and  r fra  (l56)  rapectlYaly  into  (l57)  and 
rootaquariag 


((<1+ 

This  Is  ttas  solutioo  for  tbs  rats  of  rotation  at  tbs  lias  of  sl^t 
a function  of  s defined  in  (l30). 


(158) 


8 is  obtained  as  follows 


«.«..j9(t)ifc«|"e60<ix 


(159) 


a - t 


Changing  the  triable  * hjr  «,  uhsrs  for  a - - y and  c«..qnK,tly 


d-9i  a S(t^ 


(160) 


I 


- 49  - 


ttoairanglng  (154) 


<w 

Mntltuting  (l56}  aad  (161)  into  (16O) 

0-«.-  -Vti.C  , is 


let 


thus 


dZ.-m  ^ As 

m+'k 

^bstituting  into  (l62) 


-0.  s ( 

m4-U  J. 


.-1/1 


*^1  fti+fi* 


Hence 


6-9..  (^0* 


Substituting  s by  z as  defined  in  (165) 


e.  -2  sj^  (V,j  *-y'»  ^ ^ 

« &>  » X 


where 


(I6t) 

(162) 

(163) 

(164) 

(165) 

(166) 

(167) 

(168) 


